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Magnetic nature of superconductivity in doped cuprates
Shiping Feng, Tianxing Ma, and Huaiming Guo
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Within the kinetic energy driven superconducting mechanism, the magnetic nature of cuprate
superconductors is discussed. It is shown that the superconducting state is controlled by both charge
carrier gap function and quasiparticle coherent weight. This quasiparticle coherent weight grows
linearly with the hole doping concentration in the underdoped and optimally doped regimes, and then
decreases with doping in the overdoped regime, which leads to that the maximal superconducting
transition temperature occurs around the optimal doping, and then decreases in both underdoped
and overdoped regimes. Within this framework, we calculate the dynamical spin structure factor of
cuprate superconductors, and reproduce all main features of inelastic neutron scattering experiments,
including the energy dependence of the incommensurate magnetic scattering at both low and high
energies and commensurate resonance at intermediate energy.
74.20.Mn, 74.25.Ha, 74.62.Dh
I. INTRODUCTION
The interplay between the strong electron correlation
and superconductivity is one of the most important prob-
lems raised by the discovery of cuprate superconductors1.
After intensive investigations over more than a decade,
it has become clear that the strong electron correlation
in doped cuprates plays a crucial role not only for the
unusual normal-state behavior but also for the supercon-
ducting (SC) mechanism1–3. The parent compound of
cuprates superconductors is a Mott insulator with the
antiferromagnetic (AF) long-range order (AFLRO), then
changing the carrier concentration by ionic substitution
or increasing the oxygen content turns these compounds
into the SC-state leaving the AF short-range correlation
(AFSRC) still intact4. As a function of the hole doping
concentration, the SC transition temperature reaches a
maximum in the optimal doping, and then decreases in
both underdoped and overdoped regimes5. Moreover,
this SC transition temperature is dependence of both
charge carrier gap parameter and quasiparticle coherent
weight6, which strongly suggests that the quasiparticle
coherence plays an important role in superconductivity.
By virtue of systematic studies using the nuclear mag-
netic resonance, and muon spin rotation techniques,
particularly the inelastic neutron scattering, the dop-
ing and energy dependent magnetic excitations in doped
cuprates in the SC-state have been well established: (a)
at low energy, the incommensurate (IC) magnetic scat-
tering peaks are shifted from the AF wave vector [π,π]
to four points [(1 ± δ)π, π] and [π, (1 ± δ)π] (in units
of inverse lattice constant) with δ as the incommensu-
rability parameter7–9; (b) then with increasing energy
these IC magnetic scattering peaks are converged on
the commensurate [π,π] resonance peak at intermedi-
ate energy7,10–12; and (c) well above this resonance en-
ergy, the continuum of magnetic excitations peaked at
IC positions in the diagonal direction are oberved13–15.
It has been emphasized that the geometry of these IC
magnetic excitations is two-dimensional16,13. Although
some of these magnetic properties have been observed
in the normal-state, these IC magnetic scattering and
commensurate resonance are the main new feature that
appears into the SC-state. Moreover, AFSRC coexists
with the SC-state in the whole SC regime9, and the un-
usual magnetic excitations at high energy have energies
greater than the SC pairing energy, are present at the SC
transition temperature, and have spectral weight far ex-
ceeding that of the resonance13,14. These provide a clear
link between the charge carrier pairing mechanism and
magnetic excitations in cuprate superconductors.
Recently, we17 have discussed the kinetic energy driven
SC mechanism in doped cuprates based on the charge-
spin separation (CSS) fermion-spin theory18, where the
dressed holons interact occurring directly through the ki-
netic energy by exchanging dressed spin excitations, lead-
ing to a net attractive force between dressed holons, then
the electron Cooper pairs originating from the dressed
holon pairing state are due to the charge-spin recombi-
nation, and their condensation reveals the SC ground-
state. The SC transition temperature is proportional to
the hole doping concentration in the underdoped regime.
However, an obvious weakness is that the SC transition
temperature is too high, and not suppressed in the over-
doped regime17. In this paper, we study the magnetic
nature of the kinetic energy superconductivity in doped
cuprates along with this line. A short version of this
work was published earlier19. One of our main results
is that the SC transition temperature is suppressed to
low temperatures by considering the quasiparticle coher-
ence, and therefore the SC transition temperature is con-
trolled by both charge carrier gap function and quasipar-
ticle coherent weight. This quasiparticle coherent weight
is closely related to the dressed holon self-energy from
the dressed spin pair bubble, and grows linearly with in-
creasing doping in the underdoped and optimally doped
regimes, then decreases with increasing doping in the
overdoped regime, which leads to that the maximal SC
transition temperature occurs around the optimal dop-
ing, and then decreases in both underdoped and over-
doped regimes. Within this SC mechanism, we give a
theoretical explanation of inelastic neutron scattering ex-
1
periments on cuprate superconductors7,10–15 in terms of
the collective mode in the dressed holon particle-particle
channel.
The paper is organized as follows. The interplay be-
tween the quasiparticle coherence and superconductivity
is discussed in Sec. II. In Sec. III, we calculate explic-
itly the dynamical spin structure factor of cuprate su-
perconductors, and reproduce all main features found in
experiments in the SC-state7–15, including the energy de-
pendence of the IC magnetic scattering at both low and
high energies and commensurate [π, π] resonance at in-
termediate energy. Sec. IV is devoted to a summary and
discussions.
II. INTERPLAY BETWEEN THE
QUASIPARTICLE COHERENCE AND
SUPERCONDUCTIVITY
In doped cuprates, the single common feature is the
presence of the two-dimensional CuO2 plane
4, it is be-
lieved that the relatively high SC transition temperature
is closely related to doped CuO2 planes. It has been ar-
gued that the essential physics of the doped CuO2 plane
is contained in the t-J model on a square lattice1,
H = −t
∑
iηˆσ
C†iσCi+ηˆσ + µ
∑
iσ
C†iσCiσ + J
∑
iηˆ
Si · Si+ηˆ,
(1)
with ηˆ = ±xˆ,±yˆ, C†iσ (Ciσ) is the electron creation (an-
nihilation) operator, Si = C
†
i ~σCi/2 is spin operator with
~σ = (σx, σy , σz) as Pauli matrices, and µ is the chemical
potential. The t-J model (1) is subject to an impor-
tant local constraint to avoid the double occupancy, i.e.,∑
σ C
†
iσCiσ ≤ 1. In the t-J model, the strong electron
correlation manifests itself by this single occupancy local
constraint, and therefore the crucial requirement is to
impose this local constraint. This local constraint can be
treated properly in analytical calculations within the CSS
fermion-spin theory18, where the constrained electron op-
erators are decoupled as, Ci↑ = h
†
i↑S
−
i and Ci↓ = h
†
i↓S
+
i ,
with the spinful fermion operator hiσ = e
−iΦiσhi de-
scribes the charge degree of freedom together with some
effects of the spin configuration rearrangements due to
the presence of the hole itself (dressed holon), while the
spin operator Si describes the spin degree of freedom
(dressed spin), then the electron local constraint for the
single occupancy is satisfied in analytical calculations18.
In this CSS fermion-spin representation, the low-energy
behavior of the t-J model (1) can be expressed as17–19,
H = −t
∑
iηˆ
(hi↑S
+
i h
†
i+ηˆ↑S
−
i+ηˆ + hi↓S
−
i h
†
i+ηˆ↓S
+
i+ηˆ)
− µ
∑
iσ
h†iσhiσ + Jeff
∑
iηˆ
Si · Si+ηˆ, (2)
with Jeff = (1 − x)
2J , and x = 〈h†iσhiσ〉 = 〈h
†
ihi〉 is
the hole doping concentration. As a consequence, the
kinetic energy (t) term in the t-J model has been ex-
pressed as the dressed holon-spin interaction, which re-
flects that even kinetic energy term in the t-J model has
strong Coulombic contributions due to the restriction of
single occupancy of a given site. This dressed holon-
spin interaction is quite strong, and we17,19 have shown
in terms of Eliashberg’s strong coupling theory20,21 that
in the case without AFLRO, this interaction can induce
the dressed holon pairing state (then the electron Cooper
pairing state) by exchanging dressed spin excitations in
the higher power of the hole doping concentration x.
The angle resolved photoemission spectroscopy (ARPES)
measurements22 have shown that in the real space the
gap function and pairing force have a range of one lattice
spacing, this indicates that the order parameter for the
electron Cooper pair can be expressed as,
∆ = 〈C†i↑C
†
i+ηˆ↓ − C
†
i↓C
†
i+ηˆ↑〉
= 〈hi↑hi+ηˆ↓S
+
i S
−
i+ηˆ − hi↓hi+ηˆ↑S
−
i S
+
i+ηˆ〉
= −〈S+i S
−
i+ηˆ〉∆h, (3)
with the dressed holon pairing order parameter,
∆h = 〈hi+ηˆ↓hi↑ − hi+ηˆ↑hi↓〉, (4)
which shows that the SC order parameter is closely re-
lated to the dressed holon pairing amplitude, and is
proportional to the number of doped holes, and not
to the number of electrons. Following our previous
discussions17,19, the self-consistent equations that satis-
fied by the full dressed holon diagonal and off-diagonal
Green’s functions are obtained as,
g(k) = g(0)(k) + g(0)(k)[Σ
(h)
1 (k)g(k)
− Σ
(h)
2 (−k)ℑ
†(k)], (5a)
ℑ†(k) = g(0)(−k)[Σ
(h)
1 (−k)ℑ
†(−k)
+ Σ
(h)
2 (−k)g(k)], (5b)
respectively, where the four-vector notation k = (k, iωn),
and the dressed holon self-energies are obtained as,
Σ
(h)
1 (k) = (Zt)
2 1
N2
∑
p,p′
γ2p+p′+k
1
β
∑
ipm
g(p+ k)
×
1
β
∑
ip′
m
D(0)(p′)D(0)(p′ + p), (6a)
Σ
(h)
2 (k) = (Zt)
2 1
N2
∑
p,p′
γ2p+p′+k
1
β
∑
ipm
ℑ(−p− k)
×
1
β
∑
ip′
m
D(0)(p′)D(0)(p′ + p), (6b)
where p = (p, ipm), p
′ = (p′, ip′m), and the dressed holon
and spin mean-field (MF) Green’s functions are evaluated
as17–19,
2
g(0)(k) =
1
iωn − ξk
, (7a)
D(0)(p) =
Bp
(ipm)2 − ω2p
, (7b)
with Bp = λ[2χz(ǫγp − 1) + χ(γp − ǫ)], λ = 2ZJeff ,
ǫ = 1 + 2tφ/Jeff , γp = (1/Z)
∑
ηˆ e
ip·ηˆ, Z is the number
of the nearest neighbor sites, the dressed spin correlation
functions χ = 〈S+i S
−
i+ηˆ〉 and χz = 〈S
z
i S
z
i+ηˆ〉, and the MF
dressed holon and spin excitation spectra are given by,
ξk = Ztχγk − µ, (8a)
ω2p = λ
2[(A1 − αǫχzγp −
1
2Z
αǫχ)(1 − ǫγp)
+
1
2
ǫ(A2 −
1
2
αχz − αχγp)(ǫ − γp)], (8b)
where A1 = αC
z + (1 − α)/(4Z), A2 = αC +
(1 − α)/(2Z), the dressed holon particle-hole param-
eter φ = 〈h†iσhi+ηˆσ〉, and the dressed spin correla-
tion functions C = (1/Z2)
∑
ηˆ,ηˆ′〈S
+
i+ηˆS
−
i+ηˆ′
〉 and Cz =
(1/Z2)
∑
ηˆ,ηˆ′〈S
z
i+ηˆS
z
i+ηˆ′
〉. In order to satisfy the sum
rule of the dressed spin correlation function 〈S+i S
−
i 〉 =
1/2 in the case without AFLRO, the important de-
coupling parameter α has been introduced in the MF
calculation23,24. In the calculation of the self-energies
(6), the dressed spin part has been limited to the MF
level17, i.e., the full dressed spin Green’s function in Eq.
(6) has been replaced by the MF dressed spin Green’s
function (7b), since the normal-state charge transport
obtained at this level can well describe the experimental
data18,25.
Since the pairing force and dressed holon gap func-
tion have been incorporated into the self-energy function
Σ
(h)
2 (k), then it is called as the effective dressed holon
gap function. On the other hand, the self-energy func-
tion Σ
(h)
1 (k) renormalizes the MF dressed holon spec-
trum, and therefore it describes the quasiparticle co-
herence. Moreover, Σ
(h)
2 (k) is an even function of iωn,
while Σ
(h)
1 (k) is not. In this case, it is convenient to
break Σ
(h)
1 (k) up into its symmetric and antisymmetric
parts as, Σ
(h)
1 (k) = Σ
(h)
1e (k) + iωnΣ
(h)
1o (k), where Σ
(h)
1e (k)
and Σ
(h)
1o (k) are both even functions of iωn. Now we
define the charge carrier quasiparticle coherent weight
Z−1F (k) = 1 − Σ
(h)
1o (k), then the dressed holon diagonal
and off-diagonal Green’s functions in Eq. (5) can be ex-
pressed as,
g(k) =
iωn/ZF (k) + ξk +Σ
(h)
1e (k)
[iωn/ZF (k)]2 − [ξk +Σ
(h)
1e (k)]
2 − [Σ
(h)
2 (k)]
2
, (9a)
ℑ†(k) =
−Σ
(h)
2 (k)
[iωn/ZF (k)]2 − [ξk +Σ
(h)
1e (k)]
2 − [Σ
(h)
2 (k)]
2
. (9b)
As in the conventional superconductor20, the retarded
function ReΣ
(h)
1e (k) may be a constant, independent of
(k, ω). It just renormalizes the chemical potential, and
therefore can be neglected. Furthermore, we only study
the static limit of the effective dressed holon gap function
and quasiparticle coherent weight, i.e., Σ
(h)
2 (k) = ∆¯h(k),
and Z−1F (k) = 1 − Σ
(h)
1o (k). In this case, the dressed
holon diagonal and off-diagonal Green’s functions in Eq.
(9) can be rewritten explicitly as,
g(k) =
1
2
(
1 +
ξ¯k
Ek
)
ZF (k)
iωn − Ek
+
1
2
(
1−
ξ¯k
Ek
)
ZF (k)
iωn + Ek
, (10a)
ℑ†(k) = −
1
2
∆¯hZ(k)
Ek
ZF (k)
(
1
iωn − Ek
−
1
iωn + Ek
)
, (10b)
with ξ¯k = ZF (k)ξk, ∆¯hZ(k) = ZF (k)∆¯h(k),
and the dressed holon quasiparticle spectrum Ek =√
ξ¯2k+ | ∆¯hZ(k) |
2, this ZF (k) reduces the dressed holon
quasiparticle bandwidth. Although ZF (k) is still a func-
tion of k, the wave vector dependence is unimportant,
since everything happens at the electron Fermi surface
(EFS). In this case, we will approximate ZF (k) by a
constant, ZF = ZF (k0), where the special wave vector
k0 is defined below. In the CSS fermion-spin theory,
the electron diagonal Green’s function G(i − j, t − t′) =
〈〈Ciσ(t);C
†
jσ(t
′)〉〉 is a convolution of the dressed spin
Green’s function and dressed holon diagonal Green’s
function, which reflects the charge-spin recombination2,
and in the present case, it can be calculated in terms of
Eqs. (7b) and (10a) as23,
G(k) =
1
N
∑
p
∫ ∞
−∞
dω′
2π
dω′′
2π
As(p, ω
′)Ah(p− k, ω
′′)
×
nF (ω
′′) + nB(ω
′)
iωn + ω′′ − ω′
=
1
N
∑
p
ZF (p− k)
Bp
4ωp
{(
1 +
ξ¯p−k
Ep−k
)
×
(
L1(k,p)
iωn + Ep−k − ωp
+
L2(k,p)
iωn + Ep−k + ωp
)
+
(
1−
ξ¯p−k
Ep−k
)(
L2(k,p)
iωn − Ep−k − ωp
+
L1(k,p)
iωn − Ep−k + ωp
)}
, (11)
where the MF dressed spin spectral function As(k, ω) =
−2ImD(0)(k, ω), the dressed holon spectral function
Ah(k, ω) = −2Img(k, ω), L1(k,p) = nF (Ep−k) +
nB(ωp), L2(k,p) = 1− nF (Ep−k) + nB(ωp), and nB(ω)
and nF (ω) are the boson and fermion distribution func-
tions, respectively. Then the electron quasiparticle dis-
persion is determined by the poles of the electron diag-
onal Green’s function (11). At the half-filling, the t-J
3
model is reduced to the AF Heisenberg model, where
there is no charge degree of freedom, and then the dressed
holon excitation spectrum disappears, while the electron
quasiparticle dispersion is reduced as the spin excitation
spectrum26. This electron diagonal Green’s function can
be used to extract the electron momentum distribution
(then EFS) as23,
nk =
1
2
−
1
N
∑
p
ns(p)
∫ ∞
−∞
dω
2π
Ah(p− k, ω)nF (ω), (12)
with ns(p) =
∫∞
−∞
dωAs(p, ω)ns(ω)/2π is the dressed
spin momentum distribution. Then this electron momen-
tum distribution can be evaluated explicitly in terms of
the MF dressed spin Green’s function (7b) and dressed
holon diagonal Green’s function (10a) as,
nk =
1
2
−
1
2N
∑
p
n(0)s (p)ZF (p− k)
×
(
1−
ξ¯p−k
Ep−k
tanh[
1
2
βEp−k]
)
, (13)
with n
(0)
s (p) = Bpcoth(βωp/2)/(2ωp). Since the dressed
spins center around [±π,±π] in the Brillouin zone at
the MF level23, then the electron momentum distribu-
tion (13) can be approximately reduced as,
nk ≈ 1/2− ρ
(0)
s ZF (kA − k)
× [1− ξ¯kA−ktanh(βEkA−k/2)/EkA−k]/2, (14)
with kA = [π, π], and ρ
(0)
s = (1/N)
∑
p=(±pi,±pi) n
(0)
s (p).
It has been shown from ARPES experiments27 that EFS
is small pockets around [π/2, π/2] at small doping, and
becomes a large EFS at large doping. Therefore in the
present case the Fermi wave vector from above electron
momentum distribution can be estimated qualitatively23
as kF ≈ [(1 − x)π/2, (1 − x)π/2], and is evolution with
doping. Then the wave vector k0 is obtained as k0 =
kA − kF, and we only need to calculate ZF = ZF (k0) as
mentioned above. Since the charge-spin recombination
from the convolution of the dressed spin Green’s func-
tion and dressed holon diagonal Green’s function leads
to form EFS2, then the dressed holon quasiparticle co-
herence ZF appearing in the electron momentum distri-
bution also reflects the electron quasiparticle coherence.
We emphasize that the Fermi wave vector kF estimated
in the present case only is qualitative correct, while the
quantitative correct EFS obtained within the t-J model
is an rather complicated problem, and one may need to
consider the vertex corrections. This and related theo-
retical ARPES results are under investigations now.
Some experiments seem consistent with an s-wave
pairing28, while other measurements gave the evidence in
favor of the d-wave pairing29,30. This reflects a fact that
the d-wave gap function ∝ k2x − k
2
y belongs to the same
representation Γ1 of the orthorhombic crystal group as
does s-wave gap function ∝ k2x+k
2
y. Within some strong
correlated models, the earlier numerical simulations31
have shown that the s-wave channel was competitive
with the d-wave, which indicates that superconductiv-
ity with both s-wave and d-wave symmetries may arise
directly from the repulsive interactions. For understand-
ing of these experimental results, we consider both s-
wave and d-wave cases, i.e., ∆¯
(s)
hZ(k) = ∆¯
(s)
hZγ
(s)
k , with
γ
(s)
k = γk = (coskx+cosky)/2, for the s-wave pairing, and
∆¯
(d)
hZ(k) = ∆¯
(d)
hZγ
(d)
k , with γ
(d)
k = (coskx − cosky)/2, for
the d-wave pairing, respectively. In this case, the dressed
holon effective gap parameter and quasiparticle coherent
weight in Eq. (6) satisfy the following two equations17,19,
1 = (Zt)2
1
N3
∑
k,q,p
γ2k+qγ
(a)
k−p+qγ
(a)
k
Z2F
Ek
BqBp
ωqωp
×
(
F
(1)
1 (k,q,p)
(ωp − ωq)2 − E2k
+
F
(2)
1 (k,q,p)
(ωp + ωq)2 − E2k
)
, (15a)
Z−1F = 1 + (Zt)
2 1
N2
∑
q,p
γ2p+k0ZF
BqBp
4ωqωp
×
(
F
(1)
2 (q,p)
(ωp − ωq − Ep−q+k0)
2
+
F
(2)
2 (q,p)
(ωp − ωq + Ep−q+k0)
2
+
F
(3)
2 (q,p)
(ωp + ωq − Ep−q+k0)
2
+
F
(4)
2 (q,p)
(ωp + ωq + Ep−q+k0)
2
)
, (15b)
respectively, where
a = s, d, F
(1)
1 (k,q,p) = (ωp−ωq)[nB(ωq)−nB(ωp)][1−
2nF (Ek)] + Ek[nB(ωp)nB(−ωq) + nB(ωq)nB(−ωp)],
F
(2)
1 (k,q,p) = −(ωp + ωq)[nB(ωq) − nB(−ωp)][1 −
2nF (Ek)] + Ek[nB(ωp)nB(ωq) + nB(−ωp)nB(−ωq)],
F
(1)
2 (q,p) = nF (Ep−q+k0)[nB(ωq) − nB(ωp)] −
nB(ωp)nB(−ωq), F
(2)
2 (q,p) = nF (Ep−q+k0)[nB(ωp) −
nB(ωq)] − nB(ωq)nB(−ωp), F
(3)
2 (q,p) =
nF (Ep−q+k0)[nB(ωq)−nB(−ωp)]+nB(ωp)nB(ωq), and
F
(4)
2 (q,p) = nF (Ep−q+k0)[nB(−ωq) − nB(ωp)] +
nB(−ωp)nB(−ωq). These two equations are in control of
the SC order directly, and must be solved simultaneously
with other self-consistent equations as shown in Ref.17,
then all order parameters, decoupling parameter α, and
chemical potential µ are determined by the self-consistent
calculation17. In this case, we obtain the dressed holon
pair gap function in terms of the off-diagonal Green’s
function (10b) as20,
∆
(a)
h (k) = −
1
β
∑
iωn
ℑ†(k, iωn)
4
=
1
2
ZF
∆¯
(a)
hZ(k)
Ek
tanh[
1
2
βEk], (16)
then the dressed holon pair order parameter in Eq. (4)
can be evaluated explicitly as,
∆
(a)
h =
2
N
∑
k
[γ
(a)
k ]
2ZF ∆¯
(a)
hZ
Ek
tanh[
1
2
βEk]. (17)
We17,19 have shown that this dressed holon pairing state
originating from the kinetic energy term by exchang-
ing dressed spin excitations can lead to form the elec-
tron Cooper pairing state, where the SC gap function
is obtained from the electron off-diagonal Green’s func-
tion I†(i − j, t − t′) = 〈〈C†i↑(t);C
†
j↓(t
′)〉〉, which is a
convolution of the dressed spin Green’s function and
dressed holon off-diagonal Green’s function2, and in the
present case can be obtained in terms of the dressed spin
MF Green’s function (7b) and dressed holon off-diagonal
Green’s function (10b) as,
I†(k) =
1
N
∑
p
ZF ∆¯
(a)
hZ(p− k)
Ep−k
Bp
2ωp
×
(
(ωp + Ep−k)[nB(ωp) + nF (−Ep−k)]
(iωn)2 − (ωp + Ep−k)2
−
(ωp − Ep−k)[nB(ωp) + nF (Ep−k)]
(iωn)2 − (ωp − Ep−k)2
)
, (18)
then the SC gap function is obtained from this electron
off-diagonal Green’s function as,
∆(a)(k) = −
1
β
∑
iωn
I†(k, iωn)
= −
1
N
∑
p
ZF ∆¯
(a)
Zh(p− k)
2Ep−k
tanh[
1
2
βEp−k]
×
Bp
2ωp
coth[
1
2
βωp], (19)
which shows that the symmetry of the electron Cooper
pair is determined by the symmetry of the dressed holon
pair17, and therefore the SC gap function can be writ-
ten as ∆(a)(k) = ∆(a)γ
(a)
k , then the SC gap parameter
in Eq. (3) is evaluated in terms of Eqs. (19) and (17) as
∆(a) = −χ∆
(a)
h . Since the dressed holon (then electron)
pairing interaction also is doping dependent, then the
experimental observed SC gap parameter should be the
effective SC gap parameter ∆¯(a) ∼ −χ∆¯
(a)
h . In Fig. 1, we
plot the effective dressed holon pairing (a) and effective
SC (b) gap parameters in the s-wave symmetry (solid
line) and d-wave symmetry (dashed line) as a function
of the hole doping concentration x at T = 0.002J and
t/J = 2.5. For comparison, the experimental result32 of
the upper critical field as a function of the hole doping
concentration is also shown in Fig. 1(b). In a given dop-
ing concentration, the upper critical field is defined as the
critical field that destroys the SC-state at the zero tem-
perature in the given doping concentration, therefore the
upper critical field also measures the strength of the bind-
ing of electrons into Cooper pairs like the effective SC
gap parameter32. In other words, both effective SC gap
parameter and upper critical field have a similar doping
dependence32. In this sense, our result is in qualitative
agreement with the experimental data32. In particular,
the value of ∆¯(d) increases with increasing doping in the
underdoped regime, and reaches a maximum in the opti-
mal doping xopt ≈ 0.18, then decreases in the overdoped
regime.
The present result in Eq. (19) also shows that the
SC transition temperature T
(a)
c occurring in the case
of the SC gap parameter ∆(a) = 0 is identical to the
dressed holon pair transition temperature occurring in
the case of the effective dressed holon pairing gap param-
eter ∆¯
(a)
h = 0. In correspondence with the SC gap pa-
rameter, the SC transition temperature T
(a)
c as a function
of the hole doping concentration x in the s-wave (solid
FIG. 1. The effective dressed holon pairing (a) and effective
superconducting (b) gap parameters in the s-wave symmetry
(solid line) and d-wave symmetry (dashed line) as a function
of the hole doping concentration in T = 0.002J and t/J = 2.5.
Inset: the experimental result of the upper critical field as a
function of the hole doping concentration taken from Ref.
[32].
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line) and d-wave (dashed line) symmetries for t/J = 2.5
is plotted in Fig. 2 in comparison with the experimental
result5 (inset). For the s-wave symmetry, the maximal
SC transition temperature T
(s)
c occurs around a partic-
ular doping concentration x ≈ 0.11, and then decreases
in both lower doped and higher doped regimes. How-
ever, for the d-wave symmetry, the maximal SC transi-
tion temperature T
(d)
c occurs around the optimal doping
concentration xopt ≈ 0.18, and then decreases in both
underdoped and overdoped regimes. Although the SC
pairing symmetry is doping dependent, the SC state has
the d-wave symmetry in a wide range of doping, in qual-
itative agreement with the experiments33–35. Further-
more, T
(d)
c in the underdoped regime (T
(s)
c in the lower
doped regime) is proportional to the hole doping concen-
tration x, and therefore T
(d)
c in the underdoped regime
FIG. 2. The superconducting transition temperature as a
function of the hole doping concentration in the s-wave sym-
metry (solid line) and d-wave symmetry (dashed line) for
t/J = 2.5. Inset: the experimental result taken from Ref.
[5].
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FIG. 3. The quasiparticle coherent weight ZF (Tc) as a
function of the hole doping concentration for t/J = 2.5.
(T
(s)
c in the lower doped regime) is set by the hole dop-
ing concentration36, this reflects that the density of the
dressed holons directly determines the superfluid density
in the underdoped regime for the d-wave case (the lower
doped regime for the s-wave case). Using an reason-
ably estimative value of J ∼ 800K to 1200K in doped
cuprates, the SC transition temperature in the optimal
doping is T
(d)
c ≈ 0.2J ≈ 160K ∼ 240K, also in qualitative
agreement with the experimental data5,36,35.
In the present framework of the kinetic energy driven
superconductivity, the antisymmetric part of the self-
energy function Σ
(h)
1o (k) (then ZF ) describes the quasi-
particle coherence, and therefore ZF is closely related to
the quasiparticle density, while the self-energy function
Σ
(h)
2 (k) describes the effective dressed holon pairing gap
function. Since the SC-order is established through an
emerging quasiparticle6, therefore the SC-order is con-
trolled by both gap function and quasiparticle coher-
ence, and is reflected explicitly in the self-consistent equa-
tions (15a) and (15b). To show this point clearly, we
plot the quasiparticle coherent weight ZF (Tc) as a func-
tion of the hole doping concentration x for t/J = 2.5
in Fig. 3. As seen from Fig. 3, the doping depen-
dent behavior of the quasiparticle coherent weight re-
sembles that of the superfluid density in doped cuprates,
i.e., ZF grows linearly with the hole doping concentra-
tion in the underdoped and optimally doped regimes,
and then decreases with increasing doping in the over-
doped regime, which leads to that the SC transition
temperature reaches a maximum in the optimal dop-
ing, and then decreases in both underdoped and over-
doped regimes. In comparison with Ref.17, we there-
fore find that the quasiparticle coherence plays an im-
portant role in the kinetic energy driven superconduc-
tivity of doped cuprates. Since cuprate superconductors
are highly anisotropic materials, therefore the effective
SC gap function ∆¯(s)(k) = ∆¯(s)(coskx+cosky)/2 for the
s-wave symmetry or ∆¯(d)(k) = ∆¯(d)(coskx− cosky)/2 for
the d-wave case is dependent on the momentum. Accord-
ing to a comparison of the density of states as measured
by scanning tunnelling microscopy37 and ARPES spec-
tral function6 at [π, 0] point on identical samples, it has
been shown that the most contributions of the electronic
states come from [π, 0] point. In this case, although the
value of the effective SC gap parameter ∆¯(s) (then the
ratio ∆¯(s)/T
(s)
c ) for the s-wave symmetry is larger than
these ∆¯(d) (then the ratio ∆¯(d)/T
(d)
c ) in the d-wave case,
the system has the SC transition temperature T
(d)
c with
the d-wave symmetry in a wide range of doping.
III. DOPING AND ENERGY DEPENDENT
MAGNETIC EXCITATIONS
In the CSS fermion-spin theory, the AF fluctuation
is dominated by the scattering of the dressed spins18,38.
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Since in the normal-state the dressed spins move in the
dressed holon background, therefore the dressed spin self-
energy (then full dressed spin Green’s function) in the
normal-state has been obtained in terms of the collec-
tive mode in the dressed holon particle-hole channel18,38.
With the help of this full dressed spin Green’s func-
tion in the normal-state, the IC magnetic scattering
and integrated spin response of doped cuprates in the
normal-state have been discussed18,38, and the results of
the doping dependence of the incommensurability and
integrated dynamical spin susceptibility are consistent
with experimental results in the normal-state4,8. How-
ever, in the present SC-state discussed in Sec. II, the
AF fluctuation has been incorporated into the electron
off-diagonal Green’s function (18) (hence the electron
Cooper pair) in terms of the dressed spin Green’s func-
tion, therefore there is a coexistence of the electron
Cooper pair and AFSRC, and then AFSRC can persist
into superconductivity17. Moreover, in the SC-state, the
dressed spins move in the dressed holon pair background.
In this case, we calculate the dressed spin self-energy
(then the full dressed spin Green’s function) in the SC-
state in terms of the collective mode in the dressed holon
particle-particle channel, and then give a theoretical ex-
planation of the IC magnetic scattering peaks at both
low and high energies and commensurate resonance peak
at intermediate energy in the SC-state7,8,10–15.
Following our previous discussions for the normal-state
case18,38, the full dressed spin Green’s functions is ex-
pressed as,
D(k, ω) =
1
D(0)−1(k, ω)− Σ(s)(k, ω)
, (20)
with the second order spin self-energy Σ(s)(k, ω). Within
the framework of the equation of motion method18,38,
this self-energy in the SC-state with the d-wave sym-
metry is obtained from the dressed holon bubble in the
dressed holon particle-particle channel as,
Σ(s)(k) = (Zt)2
1
N2
∑
p,p′
(γ2p′+p+k + γ
2
p−k)
×
1
β
∑
ip′
m
D(0)(p′ + k)
1
β
∑
ipm
ℑ†(p)ℑ(p+ p′), (21)
and can be evaluated explicitly in terms of the dressed
holon off-diagonal Green’s function (10b) and dressed
spin MF Green’s function (7b) as,
Σ(s)(k, ω) = (Zt)2
1
N2
∑
p,q
(γ2q+p+k + γ
2
p−k)
×
Bq+k
ωq+k
Z2F
4
∆¯
(d)
hZ(p)∆¯
(d)
hZ (p+ q)
EpEp+q
×
(
F
(1)
s (k,p,q)
ω2 − (Ep − Ep+q + ωq+k)2
+
F
(2)
s (k,p,q)
ω2 − (Ep+q − Ep + ωq+k)2
+
F
(3)
s (k,p,q)
ω2 − (Ep + Ep+q + ωq+k)2
+
F
(4)
s (k,p,q)
ω2 − (Ep+q + Ep − ωq+k)2
)
, (22)
where
F
(1)
s (k,p,q) = (Ep−Ep+q+ωq+k){nB(ωq+k)[nF (Ep)−
nF (Ep+q)] − nF (Ep+q)nF (−Ep)}, F
(2)
s (k,p,q) =
(Ep+q − Ep + ωq+k){nB(ωq+k)[nF (Ep+q) − nF (Ep)] −
nF (Ep)nF (−Ep+q)}, F
(3)
s (k,p,q) = (Ep + Ep+q +
ωq+k){nB(ωq+k)[nF (−Ep) −
nF (Ep+q)] + nF (−Ep+q)nF (−Ep)}, F
(4)
s (k,p,q) =
(Ep+Ep+q−ωq+k){nB(ωq+k)[nF (−Ep)−nF (Ep+q)]−
nF (Ep+q)nF (Ep)}. With the help of this full dressed
spin Green’s function, we can obtain the dynamical spin
structure factor in the SC-state with the d-wave symme-
try as,
S (k, ω) = −2[1 + nB(ω)]ImD(k, ω) = 2[1 + nB(ω)]
×
B2kImΣ
(s)(k, ω)
[ω2 − ω2k −BkReΣ
(s)(k, ω)]2 + [BkImΣ(s)(k, ω)]2
, (23)
where ImΣ(s)(k, ω) and ReΣ(s)(k, ω) are the imaginary
and real parts of the second order spin self-energy in Eq.
(18), respectively.
We are now ready to discuss the doping and energy
dependent magnetic excitations in the SC-state. In Fig.
4, we plot the dynamical spin structure factor S(k, ω) in
the (kx, ky) plane at the optimal doping xopt = 0.18 with
temperature T = 0.002J for parameter t/J = 2.5 at en-
ergy (a) ω = 0.13J , (b) ω = 0.35J , and (c) ω = 0.65J ,
where the distinct feature is the presence of the IC-
commensurate-IC transition in the spin fluctuation ge-
ometry. At low energy, the IC peaks are located at
[(1± δ)/2, 1/2] and [1/2, (1± δ)/2] (hereafter we use the
units of [2π, 2π]). However, these IC peaks are energy de-
pendent, i.e., although these magnetic scattering peaks
retain the IC pattern at [(1±δ)/2, 1/2] and [1/2, (1±δ)/2]
at low energy, the positions of the IC peaks move towards
[1/2, 1/2] with increasing energy, and then the commen-
surate [1/2, 1/2] resonance peak appears at intermedi-
ate energy ωr = 0.35J . This anticipated resonance en-
ergy ωr = 0.35J ≈ 35 mev (Ref.
39) is not too far from
the resonance energy ≈ 41 mev observed in optimally
doped YBa2Cu3O6+y
7,10–12. Furthermore, the IC peaks
are separated again above the resonance energy, and all
IC peaks lie on a circle of radius of δ′. The values of
δ′ at high energy are different from the corresponding
values of δ at low energy. Although some IC satellite
parallel peaks appear, the main weight of the IC peaks
is in the diagonal direction. Moreover, the separation at
high energy gradually increases with increasing energy
although the peaks have a weaker intensity than those
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FIG. 4. The dynamical spin structure factor S(k, ω) in the
(kx, ky) plane at xopt = 0.18 with T = 0.002J for t/J = 2.5
at (a) ω = 0.13J , (b) ω = 0.35J , and (c) ω = 0.65J .
below the resonance energy. To show this point clearly,
we plot the evolution of the magnetic scattering peaks
with energy at xopt = 0.18 in Fig. 5. For comparison,
the experimental result12 of YBa2Cu3O6+y with y = 0.7
(x ≈ 0.12) in the SC-state is shown in the same figure.
The similar experimental results11,13 have also been ob-
tained for YBa2Cu3O6+y with different doping concen-
trations. Our results show that there is a narrow energy
range for the resonance peak, and therefore the dispersion
at high energy is distinctly separated from the low energy
IC fluctuations. The similar narrow energy range for the
resonance peak has been observed from experiments11.
The present results also show that in contrast to the case
FIG. 5. The energy dependence of the position of the mag-
netic scattering peaks at xopt = 0.18 and T = 0.002J for
t/J = 2.5. Inset: the experimental result on YBa2Cu3O6.85
in the superconducting-state taken from Ref. [12]
FIG. 6. The resonance energy ωr as a function of x− xopt
in T = 0.002J for t/J = 2.5. Inset: the experimental result
taken from Ref. [10].
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at low energy, the magnetic excitations at high energy
disperse almost linearly with energy. Furthermore, the
resonance energy ωr as a function of doping x − xopt in
T = 0.002J for t/J = 2.5 is plotted in Fig. 6 in compari-
son with the experimental result10 (inset). It is shown
that in analogy to the doping dependence of the SC
transition temperature, the magnetic resonance energy
ωr increases with increasing doping in the underdoped
regime, and reaches a maximum in the optimal doping,
then decreases in the overdoped regime. These mediat-
ing dressed spin excitations in the SC-state are coupled
to the conducting dressed holons (then electrons) under
the kinetic energy driven SC mechanism17, and have en-
ergy greater than the dressed holon pairing energy (then
Cooper pairing energy). We have also made a series of
scans for S(k, ω) at different temperatures, and found
that those unusual magnetic excitations are present near
the SC transition temperature. Although the simple t-J
FIG. 7. FunctionW (k, ω) in xopt = 0.18 for t/J = 2.5 with
T = 0.002J from (a) k1 = [(1− δ)/2, 1/2] via k2 = [1/2, 1/2]
to k3 = [(1 + δ)/2, 1/2] at ω = 0.13J (solid line) and
ω = 0.35J (dashed line), and (b) k4 = [(1− δ
′)/2, (1− δ′)/2]
via k2 = [1/2, 1/2] to k5 = [(1+δ
′)/2, (1+δ′)/2] at ω = 0.35J
(solid line) and ω = 0.65J (dashed line).
model can not be regarded as a comprehensive model for
the quantitative comparison with cuprate superconduc-
tors, our these results are in qualitative agreement with
the major experimental observations of doped cuprates
in the SC-state7,10–15.
The physical interpretation to the above obtained re-
sults can be found from the property of the renor-
malized dressed spin excitation spectrum Ω2k = ω
2
k +
ReΣ(s)(k,Ωk) in Eq. (23). Since both MF dressed spin
excitation spectrum ωk and dressed spin self-energy func-
tion Σ(s)(k, ω) in Eq. (22) are strong doping and energy
dependent, this leads to that the renormalized dressed
spin excitation spectrum also is strong doping and en-
ergy dependent. The dynamical spin structure factor in
Eq. (23) has a well-defined resonance character, where
S(k, ω) exhibits peaks when the incoming neutron energy
ω is equal to the renormalized spin excitation, i.e.,
W (kc, ω) ≡ [ω
2 − ω2kc −BkcReΣ
(s)(kc, ω)]
2
= [ω2 − Ω2kc ]
2 ∼ 0, (24)
for certain critical wave vectors kc = k
(L)
c at low en-
ergy, kc = k
(I)
c at intermediate energy, and kc =
k
(H)
c at high energy, then the weight of these peaks
is dominated by the inverse of the imaginary part of
the dressed spin self-energy 1/ImΣ(s)(k
(L)
c , ω) at low
energy, 1/ImΣ(s)(k
(I)
c , ω) at intermediate energy, and
1/ImΣ(s)(k
(H)
c , ω) at high energy, respectively. In the
normal-state18,38, the dressed holon energy spectrum has
one branch ξk, while in the present SC-state, the dressed
holon quasiparticle spectrum has two branches ±Ek,
this leads to that the dressed spin self-energy function
Σ(s)(k, ω) in Eq. (22) is rather complicated, where there
are four terms in the right side of Eq. (22). In com-
parison with the normal-state case18,38, the contribution
for the first and second terms in the right side of the
dressed spin self-energy (22) comes from the lower band
−Ek of the dressed holon quasiparticle spectrum like the
normal-state case, while the contribution for the third
and fourth terms in the right side of the dressed spin self-
energy (22) comes from the upper band Ek of the dressed
holon quasiparticle spectrum. During the above calcula-
tion, we find that the mode which opens downward and
gives the IC magnetic scattering at low energy is mainly
determined by the first and second terms in the right
side of the dressed spin self-energy (22), while the mode
which opens upward and gives the IC magnetic scatter-
ing at high energy is essentially dominated by the third
and fourth terms in the right side of the dressed spin self-
energy (22), then two modes meet at the commensurate
[1/2, 1/2] resonance at intermediate energy. This means
that within the framework of the kinetic energy driven
superconductivity, as a result of self-consistent motion of
the dressed holon pairs and spins, the IC magnetic scat-
tering at both low and high energies and commensurate
resonance at intermediate energy are developed. This
reflects that the low and high energy spin excitations
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drift away from the AF wave vector, or the zero point of
W (kc, ω) is shifted from [1/2, 1/2] to kc = k
(L)
c at low
energy and kc = k
(H)
c at high energy. With increasing
energy from low energy or decreasing energy from high
energy, the spin excitations move towards to [1/2, 1/2],
i.e., the zero point ofW (kc, ω) in kc = k
(L)
c at low energy
or kc = k
(H)
c at high energy turns back to [1/2, 1/2], then
the commensurate [1/2, 1/2] resonance appears at inter-
mediate energy. To show this point clearly, the function
W (k, ω) in xopt = 0.18 for t/J = 2.5 with T = 0.002J
from (a) k1 = [(1− δ)/2, 1/2] via k2 = [1/2, 1/2] to k3 =
[(1 + δ)/2, 1/2] at ω = 0.13J (solid line) and ω = 0.35J
(dashed line), and (b) k4 = [(1 − δ
′)/2, (1 − δ′)/2] via
k2 = [1/2, 1/2] to k5 = [(1+δ
′)/2, (1+δ′)/2] at ω = 0.35J
(solid line) and ω = 0.65J (dashed line) is plotted in Fig.
7, where there is a strong angular dependence with actual
minima in [(1− δ)/2, 1/2] and [1/2, (1− δ)/2], [1/2, 1/2],
and [(1− δ′)/2, (1− δ′)/2] and [(1 + δ′)/2, (1 + δ′)/2] for
low, intermediate, and high energies, respectively. These
are exactly positions of the IC peaks at both low and
high energies and resonance peak at intermediate energy
determined by the dispersion of very well defined renor-
malized spin excitations. Since the essential physics is
dominated by the dressed spin self-energy renormaliza-
tion due to the dressed holon bubble in the dressed holon
particle-particle channel, then in this sense the mobile
dressed holon pairs (then the electron Cooper pairs) are
the key factor leading to the IC magnetic scattering peaks
at both low and high energies and commensurate reso-
nance peak at intermediate energy, i.e., the mechanism of
the IC magnetic scattering and commensurate resonance
in the SC-state is most likely related to the motion of
the dressed holon pairs (then the electron Cooper pairs).
This is why the position of the IC magnetic scattering
peaks and commensurate resonance peak in the SC-state
can be determined in the present study within the t-J
model under the kinetic energy driven SC mechanism,
while the dressed spin energy dependence is ascribed
purely to the self-energy effects which arise from the
the dressed holon bubble in the dressed holon particle-
particle channel. Our present result in the SC-state and
the previous result in the normal-state18,38 show that the
IC magnetic scattering at low energy appears in both
SC- and normal-states, this indicates that the IC mag-
netic scattering at low energy is not associated with the
SC-state, which is similar to stripe models14,40–42, where
the IC magnetic scattering at low energy is due to the
formation of magnetic domain lines14,40–42. Since the
commensurate [1/2, 1/2] resonance at intermediate en-
ergy and IC magnetic scattering at high energy are ab-
sent from the normal-state18,38, then our present result
also show that the commensurate [1/2, 1/2] resonance at
intermediate energy and IC magnetic scattering at high
energy are closely related to the SC-state, which is differ-
ent from the stripe theory14,41,42, where the linear spin
wave models based the stripe ground state predict that
the spin excitations at high energy are nearly symmet-
ric around [1/2, 1/2] position and disperse almost linearly
with energy14,41,42, then the commensurate [1/2, 1/2] res-
onance may represent a characteristic energy defined by
the size of a stripe domain. Although there are some sub-
tle differences between our present approach and stripe
theory, both theories can give the qualitative interpreta-
tion for all main features of the unusual spin response of
cuprate superconductors7,10–15.
IV. SUMMARY AND DISCUSSIONS
In summary, within the framework of the kinetic en-
ergy driven superconductivity17, we have discussed the
magnetic nature of cuprate superconductors. It is shown
that the SC-state is controlled by both SC gap func-
tion and quasiparticle coherent weight. This quasipar-
ticle coherent weight is closely related to the dressed
holon self-energy from the dressed spin pair bubble, and
grows linearly with the hole doping concentration in the
underdoped and optimally doped regimes, and then de-
creases with doping in the overdoped regime, which leads
to that the maximal SC transition temperature T
(d)
c oc-
curs around the optimal doping xopt ≈ 0.18, and then
decreases in both underdoped and overdoped regimes, in
qualitative agreement with the experiments5. Although
the symmetry of the SC-state is doping dependent, the
SC-state has the d-wave symmetry in a wide range of
doping. Within this d-wave SC-state, we have calculated
the dynamical spin structure factor of cuprate supercon-
ductors in terms of the collective mode in the dressed
holon particle-particle channel, and reproduce all main
features of inelastic neutron scattering experiments in the
SC-state7,10–15, including the energy dependence of the
IC magnetic scattering peaks at both low and high ener-
gies and commensurate resonance peak at intermediate
energy. In particular, we have shown that the unusual IC
magnetic excitations at high energy have energies greater
than the dressed holon pairing energy (then SC Cooper
pairing energy), and are present at the SC transition tem-
perature.
The t-J model is characterized by a competition be-
tween the kinetic energy (t) and magnetic energy (J).
The magnetic energy J favors the magnetic order for
spins, while the kinetic energy t favors delocalization of
holes and tends to destroy the magnetic order. Therefore
the introduction of the additional second neighbor hop-
ping t′ in the t-J model may be equivalent to increase
the kinetic energy, and this t′ term does not change spin
configuration because of the same sublattice hopping. In
this case, we43 have discussed the effect of the additional
second neighbor hopping t′ on superconductivity within
the t-t′-J model, and found that the d-wave SC pairing
correlation is enhanced, while the s-wave SC pairing cor-
relation is heavily suppressed.
Superconductivity in cuprates emerges when charge
carriers, holes or electrons, are doped into Mott
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insulators4,44. Both hole-doped and electron-doped
cuprate superconductors have the layered structure of
the square lattice of the CuO2 plane separated by insu-
lating layers4,44. In particular, the symmetry of the SC
order parameter is common in both case30,45, manifest-
ing that two systems have similar underlying SC mech-
anism. On the other hand, the strong electron correla-
tion is common for both hole-doped and electron-doped
cuprates, then it is possible that superconductivity in
electron-doped cuprates is also driven by the kinetic en-
ergy as in hole-doped case. Within the t-t′-J model,
we46 have discussed this issue, and found that supercon-
ductivity appears around the optimal doping in electron-
doped cuprates, and the maximum achievable SC transi-
tion temperature is lower than hole-doped cuprates due
to the electron-hole asymmetry.
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